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E Q U A T I O N S  OF  E L A S T O P L A S T I C  D E F O R M A T I O N  

F O R  A R B I T R A R Y  V A L U E S  O F  T H E  R O T A T I O N S  

A N D D E F O R M A T I O N S  

G.  V .  I v a n o v  UDC 539.3 

In many solids,  for  example,  in meta l l ic  bodies,  fo r  a r b i t r a r y  values  of the ro ta t ions  and deformat ions  
of the e lements  of the body, the components of the devia tor  of the e las t i c  deformat ions  a r e  quantit ies on the 
o rde r  of the ra t io  of the shear  s trength to the Young modulus and, consequently,  a re  small  in compar ison with 
unity. Below, on the basis  of the resu l t s  of [1], equations a re  formulated for the i so t ropic  e las t ic  and ideal 
e las toplas t ic  deformat ion of such bodies. A comparison is made between the equations obtained and known 
equations [2-4]. For  s implici ty in writ ing the equations, only adiabatic deformat ions  a r e  d iscussed below. 

1. E q u a t i o n s  o f  E l a s t i c  D e f o r m a t i o n  in  t h e  C a s e  o f  S m a l l  

C o m p o n e n t s  o f  t h e  D e v i a t o r  o f  t h e  D e f o r m a t i o n s  

We denote by 3~, ~}~(~, fl= 1, 2, 3) the basis  v ec to r s  of a Lagran.gian sys tem of coordinates ,  genera ted  
by the Car tes ian  sys tem of coordinates  x i with the basis  vec to r s  k i =k a (i = 1, 2, 3). 

Let  ~ } ~ 9 ~  = ~x3o~lx = 7~k ~k~ be some symmet r i ca l  tensor .  Differentiat ing the formulas  for  the 
connection between the components ~ ,  ~'~x and the components Tij, we find 

(d~f~/dt) ~3 '~  = (D~h/Dt  + 37si esi + ~'sie~i )k~kj' (1.1) 

(d~a~/dt)~}=~3~ = ( D ~ J D t  - -  3?s~es~ - -  "t,~esj)kik j, 

where eij = (1/2)(Sui/SxJ + 8uj/axi);  u i a r e  the  components of the veloci ty  vec tor ;  DYij/Dt is  a Jaumann der iva -  
t ive [5] 

D ~ i / D t  = d3?~/dt + ~?klCOkj + %~ohm, 

~ u  = (t12)(8u/OxJ - -  Ou/Oxg. 

F r o m  (1.1), spe c i f ica l ly ,  it  follows that 

D s u / D t  q- ehle~j q- ej~eh~ = e~, (1.2) 
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where  

Obviously, Eqs. (1.2) can be written in the form 

De~::Dt - -  (2,:3)semi = a u, e = ~uS~:, 
�9 t 

Since, in the sy s t em  of coordinates  x 1, fo rmed  by the pr inc ipa l  axes  of the deformat ions ,  

(i .3) 

then for 

~ , =  (., - 2 ~ h ) ~ . ,  ~ , . .=  li d~)~._, . . . . .  

I --- ~u' ~ I 

the t ensor  with the components  ai j  i s  equivalent to the t ensor  of the deformat ion  rs.tes eij. 
case  (1.4), ins tead of (1.3) we can use  the equation 

(1.4) 

The re fo re ,  in the 

From (1.5) and the equation of continuity 

De~i/Dt  = (l--(Z3)e)e u. (1.5) 

i t  follows that  

d p / d t +  9e = 0 

e u - - e ~ - - g - 5 ~ j e ,  e--6~je~j, P = 9 0  I - - T o  
\ 

where  P0 is  the densi ty  in the undeformed s tate .  

Analogously,  we find f rom (1.1) and (1.6) that,  in the case (1.4), to wri te  Eqs.  (1.6) in a Lagrangian  
s y s t e m  of coordina tes  the fo rmulas  

(1.6) 

d~'~, 'dt  3~8 ~ = c~'VX/dt 3~3x = Deu:Dtk  k ,  

e~  = e ~ - - T g a ~ e ,  = s~, gVS=Ov. Ds 
(1.7) 

m u s t  be used.  

We assume that, for isotropic elastic deformation, the internal energy E is a function of the entropy S 
and the inva1~ants ~, 1"2, and r~ of the tensor of the deformations 

F r o m  (1.6) and (1.8) we find 

t t �9 {. ~ , , 
E = E (e, r2, F 3, S), F~ = T %eu' P3 =-g-eae~.:u' .  (z.s) 

( ~ )[ . . . .  
d E / d t  = t - - - ~  e eOE/Oe § ~i:OE, O r.  + e~:k:O]~,,Or.]e~j + rdS, 'd t ,  f = OE,'OS. 

Since e las t ic  deformat ion  is  a r e v e r s i b l e  p r o c e s s ,  then f rom the law of conserva t ion  of energy 

~ije~j - pdE,'dt 

and (1.6) and (1.9) t he re  follow the equations 

( ) 
2 '%12 

u = p 0  l - - ~ - e )  , ~ .=~0E/0F , ,  ? = a O E / O r 3 .  

(1.9) 

(1.10) 

(i.11) 

For  e las t i c  deformat ion ,  the co r respondence  between the va lues  of the s t r e s s e s  and deformat ions  mus t  be 
mutual ly  s ingle-va lued .  T h e r e f o r e ,  in o r d e r  for  the equations (1.11) to be the equations of e las t ic  deformation,  
it is r equ i r ed  that  they uniquely de te rmine  the values  of the deformat ions  f rom given va lues  of the s t r e s s e s .  
From (i.ii) we find 

d : b  = :l 4; + B 4 : b  + c 6u, 
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, ( ) ] ~  --~ gik(Yk)'Oij -~ -  7 r 2  ~21"2 - -  I ,2p2 , = -- -~- r ~-2 ~- ~ 7~r~ + (~3 + 73r3) r~. 

From this, and from (1.11), it follows that in the case 

O(=OE/Oe)/Oe 4= O, ~3 _ 7'(~r2 + 71"3) r 0,, 

(0~2 /0r2) (0~3 /0 I '3 )  - (0J21/0F3)(013[0r2)  : ~  0 

Eqs .  (1.11) a r e  s o l v a b l e  fo r  e and e ' i j ,  and they  can be wr i t t en  in the f o r m  

:= ~(e, Y.v g3, S), 

w h e r e  a and b can  be r e g a r d e d  a s  funct ions  of  e,  Jz, J3, and S. 

F o r  Eqs .  (1.6) and (1.12) with g iven  funct ions  a ,  b, and e to  be the equa t ions  of  e l a s t i c  d e f o r m a t i o n ,  i t  i s  
sufficient that a ,  b, and ~ satisfy the conditions for the solvability of Eqs. (1.12) for ~ 'ij and 

O~..'Oe =/= O, a 3 - -  b"(aYo. + bar3) =/= 0, 

(OF,./'OJ~_)(OF~/OJs) - -  (0F, 'OJs)(OF3OJ~) =/= O, 

t b2j2 + 3 a b ]  z. (I.13) F, - a'2J.,. , -~- 

F3 = W bd.,. a2J.z - -  b"J~, -:  y ab]3 - Jo ( a'~ + b3Js),  

and the  law of c o n s e r v a t i o n  of e n e r g y  (1.10) fo r  the e n e r g y  E r e g a r d e d  a s  a funct ion of  ~, J~, J~, and S. Since 
in a c c o r d a n c e  with (1.6) and (1.12) i t  ho lds  t ha t  

( l  - -  . ~  e) e;, = D (a a;, -- bQ;.,) Dt, 

) 1 - -  3 e oi.ie~ i == adY.,_'dt 2 bdJ,~ d t - z  2J.,.da 'dr ~ 3 J~db dr. 
(1.14) 

t hen  the law of c o n s e r v a t i o n  of  e n e r g y  (1.10) fo r  E = E(e ,  J2, J3, S) wi l l  be s a t i s f i e d  i f  

aOE/OJ.,_ = a + 2J.,.Oa/OY.2 + 3Y~Ob 'OY.,. 

aOE, OJ 3 = 2(b + J.,Oa/OY3) + 3J30b'oY3, 

i aOE"Oe = a -c- 2J.,.Oa:Oe + 3Y,~Ob '0~', 

and,  consequen t ly ,  a ,  b, and ~ m u s t  s a t i s f y  the  condi t ions  

Oa/OJ 3 = Ob. OY2. a - -  2d.,Oa.OJ.,_ + 3JaOb/OJ 2 : (3,'5)(1 --  (23)e) (O~..OY.,_ + Oa'Oe), 
(i .15) 

2(b + J~Oa/OJ3) + 3J~cgb OY.~ = (3 5)(1 - -  (23)~')(~c~'0Y.~ + Ob:Oe). 

Thus ,  the  equa t ions  of  e l a s t i c  d e f o r m a t i o n  in the ea se  (1,4) can be cons t ruc t ed ,  g iv ing a ,  b, and cr as  funct ions  
o f  e ,  Jz, J3, and S in such  a way tha t  the condi t ions  (1.13) and (1.15) wil l  be sa t i s f i ed .  Spec i f i ca l ly ,  t he se  
condi t ions  wil l  be s a t i s f i e d  fo r  

a -= l/2~t~, ~t -- ,u(e, S), b ----- 0, a = ~O~/Os --J'.,_d ( i /2F) /ade,  

~? = q'(e, S) ,  E = J,./2t, t&" + $(e,  S) .  (1.16) 

If the relative change in the density is small in comparison with unity, then the value of 1 - (2/3)e in 
(1.5) and (1.6) and in all following equations can be replaced by unity. 

If the angular velocities of the elements of the medium and the shear deformations are quantities on the 
same order of magnitude, 

(olj "" ei: "" Ou~ 'OxJ (i ~ j) ,  

then  the t e n s o r  with the  c o m p o n e n t s  

eiy - -  ~_iT:duh d,~ 'j - -  ejhdtt h dX 

i s  equ iva l en t  to the t e n s o r  of  the  d e f o r m a t i o n  r a t e s .  In th is  case ,  the  g a u m a n n  d e r i v a t i v e  in (1.5)-(1.7) ,  (1.14) 
can be r e p l a c e d  by the  d e r i v a t i v e  with r e s p e c t  to the t ime .  
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2.  E q u a t i o n s  o f  E l a s t o p l a s t i c  D e f o r m a t i o n  f o r  S m a l l  

C o m p o n e n t s  o f  t h e  D e v i a t o r  o f  t h e  E l a s t i c  D e f o r m a t i o n s  

F o r  e l a s top las t i c  deformat ion ,  along with r e v e r s i b l e  (elastic) deformat ions ,  the re  a re  i r r e v e r s i b l e  
(plastic) de fo rmat ions .  We denote 

e , ~ ~ (2.1) e i J  ~ eiJ - -  e~ ~'' "~i] - e l i -7-  gsi] 

where  eeij and ePij a r e  the r a t e s  of the e las t ic  and p las t i c  deformat ions ;  ee i j  and ePij  a r e  the e las t ic  and 
p las t i c  deformat ions .  F r o m  (1.1), (1.2), and (2.1) it  follows that 

D e~sesi - -  8 ) s e s i  ' : =  e i i  : =  e i j  - -  e i j ,  

If the components  of the dev ia to r  of  the e las t i c  de format ions  a r e  smal l  in compar i son  with unity, 

'~ ~ | ef ( 2 . 3 )  

then the t ensor  with the components  a i j ,  
b'e  'e 

~Aij = e i j  - -  . i~es j  - -  ~:jsesl  

is  equivalent  to the t ensor  of the deformat ion  r a t e s  eij, and Eqs.  (2.2) can be wri t ten in the fo rm 

e , �9 ' )  e = e e .  D e o / D t  "T- elJSkseks ~l = e i j - - e ~ "  (2.4) 

We a s s u m e  that  the volume of an e lement  of the medium v a r i e s  e las t ica l ly :  

e = 5 i j e l j  = 6k.~e[s. (2.5) 

F r o m  (2.4), (2.5), and the equation of continuity we find 

(2.6) 
d e / d t - - ( l - - - g - e  e, P=P0  I e -5- 

If, as  the dependence of ~ 'ei j  on ~ i j ,  we use  Eqs~ (1.12) and (1.16), and, as  the dependence of ePij on crij , we 
use  the equations of ideal p las t i c  flow with the Mlses  p las t ic i ty  condition [6], we then obtain 

~ 3 i r  = =  , ~ - . , 

----- ~ o r  - -  J ad( l /29) , 'ade , it ~- u(e, S), ~ = p0(t --(2t3)e)U:, (2,7) 
= ~(~, s) ,  

E = ~" -1- J2,21ta ", a T d S / d t  = 2"~:k, T = OEIOS; 

k = 0 ,  ff f ~  0 or f = 0 ,  d f / d t ~ 2  0; (2.8) 
k ~ O, i f  / = - 0 ,  d / / d t  = O, [ = & - - z  2, z= '~(~ ,  S) 

(r i s  the shea r  s trength).  

F o r  a med ium sat isfying condition (2.3), Eqs.  (2.6)-(2.8) fo rm a s y s t e m  of equations of e las top las t ic  
deformat ion ,  c o r r e c t  with an a r b i t r a r y  value of the ro ta t ions  and deformat ions  of the e l emen t s  of the medium. 
Equations (2.6)-(2.8) coincide with the known equations [2-4] in the ease  where/z = constant,  T= const,  and 
the re la t ive  change in the densi ty is smal l  in compar i son  with unity; consequently,  

i - -  (2/3)e = (9/90)~/a ~ 1, a ~ P0, de /d t  .~. e. 

In wri t ing Eqs.  (2.6)-(2.8) in a Lagrang ian  s y s t e m  of coordinates ,  the dependence of the components of 
the devia tor  of  the deformat ion  on the s t r e s s e s  can be wri t ten,  using (1.6), in the fo rm 

The re:maining equations (2.6)-(2.8) do not change. 

Since in acco rdance  with (2.6) and (2.7) 

( 1 2 )  , , t , 
- g - e  eiiei~ = ~) dY, ,  uu dt  -:- J , d  ( i / t t~) /dt  -:- 2Jok. 
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then the conditions (2.8), de te rmin ing  the function k in (2.7), can be rep laced  by the conditions 

1 ~ ( l  2 , , )~ = ~ c o V ' ~  , co= ~ - -  y e ) a i j e i j - -  T d ( x l ~ ) / d t ,  

c = O ,  if ] ~  0 or f----0, o)~0; 
c ---- t, if ]----- 0, co> 0. 

F o r  the computat ion of smal l  i n c r e m e n t s  of  the s t r e s s e s  for  a smal l  in te rva l  of t ime  f r o m  the d e f o r m a -  
tion r a t e s ,  ins tead of Eqs.  (2.6)-(2.8), use can  be made of a p rocedure ,  p roposed  in [4], for  co r rec t ion  of the 
devia tor  of  the s t r e s s e s .  H e r e  the i n c r e m e n t s  of the s t r e s s e s  before  co r rec t ion  a r e  calculated using Eqs.  
(I.Ii) and (I.16). 

Using (1.12), (1.13), (1.15), and (2.6), for a medium with the condition (2.3), the equations of elastoplastic 
deformation can be formulated with a more general law of elastic deformation than in (2.6)-(2.8). 
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N O N I S O T H E R M A L  N O N L I N E A R  W A V E S  

I N  A R O D  M A D E  O F  A D I S S I P A T I V E  R U B B E R L I K E  

M A T E R I A L  

A .  I .  L e o n o v  UDC 532.5:532.135 

Art i c l e  [1] d i scussed  in the i s o t h e r m a l  approximat ion ,  a wave propagat ing  in an e l a s tov i scous  rod  and 
gave a numer i ca l  solution to the p r o b l e m  of the impac t  of a rod  of finite length on a r ig id  b a r r i e r .  With the 
p r e s e n c e  of s t rong g e o m e t r i c a l  and phys ica l  nonl inear i t ies  in the  de termining  equations,  waves  of v e r y  g r ea t  
in tens i ty  can be p ropaga ted  in the rods ,  where  the ef fec ts  of  noniso thermie i ty  a r e  cons iderable  with the p r o p -  
agat ton of- the waves .  The p r e s en t  a r t i c l e  is  devoted to an invest igat ion of these  ques t ions .  

1. B a s i c  E q u a t i o n s  

With the study of the mot ion of the rods ,  a s  in [1], we shall  use  a descr ip t ion  ave raged  over  the c ro s s  
sec t ion .  The m a t e r i a l  of the rod  is  a s s u m e d  to be i ncompres s ib l e  with the densi ty P0. 

The equations of  the  m a s s  balance,  momentum,  and ene rgy  in a Wrod approx imat ion"  have the fo rm 

~,f a 0 0 (/v'- - p~-'l ~) = 0. i 0 ~ ( / v ) = 0 '  ~ ( / v )  ! ~ 
(1 .I) 

{0o / ( g  + : ~  2)} -:~~ {,% f~ (u  + ~.'2} = ~ (/~ ~ - q) + ~ 1 7 ( r  - r0), 

where  f i s  the a r e a  of the t r a n s v e r s e  c r o s s  sect ion of the rod; v i s  the mean  veloci ty  over  the c ro s s  section;  
ff i s  the mean  no rma l  s t r e s s  ove r  the c ro s s  sect ion (de termined as in the homogeneous  case ,  using the condi- 
tion of the r e v e r s i o n  of the s t r e s s e s  to ze ro  at  the f ree  su r face  of the rod); U is  the spec i f ic  in te rna l  energy;  
q is  the longitudinal hea t  flux; T is  the mean t e m p e r a t u r e  over  the c ro s s  section of the rod; T O i s  the t e m p e r a -  
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